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Abstract. In this paper, we prove that a normal subgroup N of an n-dimen- 
sional crystallographic group F determines a geometric fibered orbifold struc- 
ture on the fiat orbifold E"/F, and conversely every geometric fibered orbifold 
structure on i?"/r is determined by a normal subgroup N of F. In particu- 
lar, we prove that /T is a fiber bundle, with totally geodesic fibers, over a 
/3l -dimensional torus, where /3i is the first Betti number of F. 

Let N be a normal subgroup of F which is maximal in its commensurabil- 
ity class. We study the relationship between the exact sequence 1 — > N — > 
F — > F/N — > 1 splitting and the corresponding fibration projection having an 
affine section. If N is torsion-free, we prove that the exact sequence splits if 
and only if the fibration projection has an affine section. If the generic fiber 
F = Span{N)/N has an ordinary point that is fixed by every isometry of F, we 
prove that the exact sequence always splits. Finally, we describe all the geo- 
metric fibrations of the orbit spaces of all 2- and 3-dimensional crystallographic 
groups. 



1. Introduction 

Let be Euclidean n-space. A map (/) : i?" i?" is an isometry of i?" if and 
only if there is an a S i?" and an ^ S 0(n) such that (t>{x) ~ a + Ax for each x 
in i?". We shall write (f) = a + A. In particular, every translation t = a -I- / is an 
isometry of i?". 

A flat n-orbifold is a (£:", Isom(£:"))-orbifold as defined in §13.2 of Ratcliffe [Ti] . 
A connected flat n-orbifold has a natural inner metric space structure. If F is a 
discrete group of isometrics of E""-, then its orbit space E"^ /T = {Tx : x e £'"} is a 
connected, complete, flat n-orbifold, and conversely if M is a connected, complete, 
flat n-orbifold, then there is a discrete group F of isometries of E^ such that M is 
isometric to £"VF by Theorem 13.3.10 of [H]- 

Definition: A flat n-orbifold M geometrically fibers over a flat m-orbifold i?, with 
generic fiber a flat {n — TO)-orbifold F, if there is a surjective map r] : M —>■ B, 
called the fibration projection^ such that for each point y oi B, there is an open 
metric ball r) of radius r > centered at y in B such that rj is isometrically 
equivalent on r]~^{B{y, r)) to the natural projection (F x By)/Gy — > By/Gy, where 
Gy is a finite group acting diagonally on F x By, isometrically on F, and effectively 
and orthogonally on an open metric ball By in i?™ of radius r. This implies that 
the fiber rj^^{y) is isometric to F/Gy. The fiber ri~^{y) is said to be generic if 
Gy = {1} or singular if Gy is nontrivial. 

An n-dimensional crystallographic group {space group) is a discrete group of 
isometries F of i?" such that E'^/T is compact. We prove that if N is a normal sub- 
group of an n-dimensional space group F, then the flat orbifold E"/T geometrically 
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fibers over a flat orbifold, with generic fiber a connected flat orbifold, naturally 
induced by N. Conversely, we prove that if /T geometrically fibers over a flat 
orbifold B with generic fiber a connected flat orbifold F, then this fibration is 
equivalent to a geometric fibration induced by a normal subgroup N of F. 

An m-dimensional torus or m-torus is a topological space homeomorphic to the 
cartesian product of with itself m-times. Here a 0-torus is defined to be a point. 
We prove that if T is an n-dimensional space group T with first Betti number /3i , 
then the flat orbifold E^/T is a fiber bundle over a /3i-torus with totally geodesic 
fibers. 

We illustrate the theory by describing all the geometric fibrations of the orbit 
spaces of all 2- and 3-dimensional space groups building on the work of Conway et 

ai. m- 

2. Normal Subgroups of Crystallographic Groups 
The fundamental theorem of crystallographic groups is the following theorem. 

Theorem 1. (Bieberbach's Theorems) 

(1) IfT is an n- dimensional space group, then the subgroup T of all translations 
in T is a free abelian normal subgroup of rank n and of finite index in T 
such that {a : a + / G T} spans E" . 

(2) Two n-dimensional space groups Ti and T2 are isomorphic if and only if 
they are conjugate by an affine homeomorphism of i?" . 

(3) There are only finitely many isomorphism classes of n-dimensional space 
groups for each n. 

In dimensions 0,1, ... ,6, there are 1,2,17,219,4783,222018,28927922 isomor- 
phism classes of space groups, respectively. See Brown et al. [3] and Plesken and 
Schulz [13]. 

Let r be an n-dimensional space group. Define : T —> 0{n) by r/(a + A) = A. 
Then r/ is a homomorphism whose kernel is the group of translations in F. The 
image 11 of 77 is a finite group by Part (1) of Theorem 1 called the point group of F. 
Let N be a normal subgroup of F. Define 

Span(N) = Span{a £ -B" : a + / £ N}. 

The following theorem strengthens Theorem 17 of Parkas [9j. 

Theorem 2. Let N be a normal subgroup of an n-dimensional space group T, and 
let V = Span(N). 

(1) Ifb + B e T, then BV = V. 

(2) Ifa + Ae N, then aeV andV^ (Z Pix(A). 

(3) The group N acts effectively on each coset V + x of V in E" as a space 
group of isometrics ofV + x. 

Proof (1) Let a-\-I G N and let b+B e F, then {b+B){a+I){b+B)-^ = Ba+I e N. 
Hence B leaves V invariant. 

(2) The coset space E"^ /V is a Euclidean space where the distance between 
cosets is the orthogonal distance in £'". The quotient map from to E^ jV 
maps isometrically onto E^'' /V . The group F acts isometrically on i?"/^ by 
{b + B){V + x) = V + b + Bx. 

Let T = {a + / e F}. Then N/N n T 9:^ NT/T C F/T, and so N/N n T is a finite 
group. The group N n T acts trivially on E" /V, and so N/N n T acts isometrically 
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on E-^jV. Therefore N/N n T fixes a point V ^ x oi E"^ jV . This implies that the 
group N leaves the coset V ^ x invariant. Let N' — (— x + /)N(a; + /). Then N' 
leaves V invariant. Let a + A € iV. Then (-a: + /) (a + A) (a; + /) = Ax-x + A. 
Let a' = a + (A - I)x. Then a' + A e N'. As a' + A leaves V invariant, a' S V. 

Let 6 + / e r. Then b + I e {-x + I)T{x + I), since b + I and x + I commute. 
Let a + ^ e N. Then {-b + I){a' + A){b + I) = a' + {A - I)b + A is in N'. Hence 
{A - I)b G V. Now {6 : 6 + / e r} spans by Theorem 1. Let W = (Fix(A))^. 
Then A — I maps W isomorphically onto W, and so A — I maps iJ" onto W. Hence 
{{A-I)b:b + I € V] spans W. Therefore W CV. Hence F-^ C = Yiyi(A). 

Let a + >1 S N. Write a = 6 + c with b G V and c G . Let r be the order of 
A. Then r is finite and 

(a + A)'' = a + Aa + --- + A'-'^a + I 

= b + Ab + '-' + A'-H + rc + I = d + I. 

As b + Ab +■■■ + A'^~^b, d G V, we have rc = 0, and so c = 0. Hence a € V. 

(3) If a + A e N, then a € V and AV = V, and so (a + A)V = V. Hence the 
group N leaves V invariant. As V-^ C Fix(^) for each o + A e N, we deduce that 
N acts effectively on V + a: for each x G . 

Let ai +/,..., Ofc + / be translations in N such that {oi, . . . , Uk} is a basis for V. 
Then {V + x)/ {ai + I, . . . ,ak + I) is a fc-torus for each x gV-'-. Hence {V + a;)/N 
is compact for each x G V-^. Therefore N acts effectively as a space group of 
isometries oi V + x for each x €V-^. □ 

Let N be a normal subgroup of an n-dimensional space group F, and let V = 
Span(N). The group N acts trivially on E"- /V by Theorem 2, and so F/N acts 
isometrically on E^/V by 

(N(6 + B)){V + x)= N((6 + B){V + x)) = V + b + Bx. 

Observe that N(6 + B) fixes V if and only if b G V. Hence the kernel of the 
corresponding homomorphism from F/N to lsom{E'" /V) is N/N where 

N = {6 + S e F : 6 G y and y-^ C Fix(B)}. 

As N C N, the orbit space V/N projects onto VfN. The orbit space F/N is compact 
by Theorem 2, and so V/N is compact. Hence, the group N acts effectively as a 
space group of isometries of V. Therefore N has finite index in N. 

The group N may be a proper subgroup of N. For example, if N = {a + 7 G F}, 
then N = F. As N/N is a normal subgroup of F/N, we have that N is a normal 
subgroup of F. The group F/N acts effectively on E"/V as a group of isometries. 

Let Hi and H2 be subgroups of a group F. Then Hi and H2 are said to be 
commensurable if Hi nH2 has finite index in both Hi and H2. Commensurability 
is an equivalence relation on the set of subgroups of F. 

Theorem 3. Let Ni and N2 be normal subgroups of a space group F. Then Ni = N2 
if and only if Ni and N2 are commensurable. 

Proof. Suppose Ni and N2 are commensurable. Let T = {a + I G F}. Now 

Ni n N2 n T has finite index in Ni n N2 and Ni n N2 has finite index in N^ for 
i = 1,2. Hence Ni n N2 n T has finite index in Nj n T for i = 1, 2. Therefore 
Span(Ni n N2) = Span(Ni) for i = l,2. Hence NT = N2. 
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Conversely, suppose Ni = N2. Now N.^ has finite index in for i — 1,2. As 
N1N2 C n7 = N^, we have that has finite index in N1N2 for i = 1,2. Now 
Ni/Ni n N2 = N1N2/N2 and N2/N1 n N2 = N1N2/N1. Hence Ni n N2 has finite 
index in both Ni and N2. Therefore Ni and N2 are commensurable. □ 

Corollary 1. If N is a normal subgroup of a space group T, then N = N and N is 
the unique maximal element of the commensurability class of normal subgroups of 
r that contains N. 

Corollary 2. If : T ^ T' is an isomorphism of space groups, and N is a normal 
subgroup ofT, then ip(N) — 

3. Geometric Flat Orbifold Fibrations 

We say that the normal subgroup N of a space group F is a complete if N = N. 
If N is a normal subgroup of F, then N is a complete normal subgroup of F by 
Theorem 3 called the completion of N in F. 

Lemma 1. Let N be a complete normal subgroup of an n- dimensional space group 
T, and let V — Span(N). Then F/N acts effectively as a discrete group of isometrics 
ofE'^/V. 

Proof. From the above discussion, we know that F/N acts effectively as a group of 
isometrics of E"^ /V . As NT/N is of finite index in F/N, it sufhccs to show that 
NT/N acts as a discrete group of isometrics of E"^ /V . Now NT/N = T/N n T. We 
claim that the group T/N n T is torsion- free. Let r = a + / G T and suppose tha 
r'" G NnT for some integer r > 0. Then ra+I G NnT. Hence ra G V, and aoa eV. 
Therefore r G N n T, since N is complete. Thus T/N n T is torsion-free. Hence 
T has a set of generators {&i -I- /, . . . , 6„ -I- /} such that 61 -t- 6^ -f- / generate 

NnT. Then N(6fe+i-K/), . . . ,N(6„-f /) generate NT/N. As {bk+i, ■ ■ ■ ,K] projects 
to a basis of E'^/V, we have that NT/N acts as a discrete group of isometrics of 
E'^/V by Theorems 5.2.4 and 5.3.2 of RatcliflFe [M]. □ 

Theorem 4. Let N be a complete normal subgroup of an n-dimensional space group 
T, and let V — Span(N). Then the flat orbifold E^ /T geometrically fibers over the 
flat orbifold (i;"/F)/(F/N) with generic fiber the flat orbifold F/N. 

Proof Let 77 : i;"/F (i;"/V^)/(F/N) be the map defined by 

ri{Tx) = (F/N)(F + x):^ T{V + x). 
Then the following diagram commutes 

i i 

E''/r (£;"/i^)/(F/N) 

where fj and the vertical maps arc the quotient maps. Hence 77 is a continuous sur- 
jection, and so (i?"/V^)/(F/N) is a compact flat m-orbifold with m = dim(i?"/F). 
Let X G V^, and let 

ry+. = {-fer:-f{V + x) = V + x}. 

Then the stabilizer oi V + x in F/N is Gx — Ty+x/^- By Lemma 1, the group Gx 
is finite. Let r be half the distance from V + x to the set of remaining points of 
the orbit (F/N)(F + x) in E'^/V. By Lemma 1, we have that r > 0. Let Bx be the 
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open ball of radius r centered aXV + x in E"^ /V . The quotient map from E"^ /V to 
(i;"/y)/(r/N) maps onto (r/N)Ba,/(r/N) which is isometric to B^/G^ with 
Gx acting effectively and orthogonally on B^- 

Let U be the r-neighborhood of y + a; in i?" . Then we have 

,7~i((r/N)i?,/(r/N)) = VU/T. 

Now TU /T is isometric to U /Ty+x- Moreover we have 

U/Tv+x = (C//N)/(ry+,/N) = (C//N)/G,. 

The group N acts trivially on E"- /V . Hence C//N is isometric to ((F + a::)/N) x Bx- 
Let F = Then F is a compact flat [n — m)-orbifold. Now F is isometric to 

{V + a;)/N, since N acts trivially on E"^ /V. The finite group Gx acts diagonally on 
[{V + x) /N) X Bx, isometrically on {V + x)/N, and effectively and orthogonally on 
Bx- We have a commutative diagram 

Tu/r ^ (r/N)B,/(r/N) 

i i 

{{{V + x)/N) xBx)/Gx Bx/Gx 

where the vertical maps are isometrics, 77 is the restriction of 77, and the bottom map 
is the natural projection. Thus E"/r geometrically fibers over the flat m-orbifold 
(£:"/y)/(r/N) with generic fiber the flat {n - TO)-orbifold F = V/N. □ 

Let N be a normal subgroup of an n-dimensional space group F. We call the 
map 77 : E"/T {E'^ /V) / (T /N) defined in the proof of Theorem 4, the fibration 
projection determined by N. Let T = {a + / G F}. By Theorem 4, the fibration 
projection rj determined by N is an injective Seifert fibering, with typical fiber 
V/ (N n T), in the sense of Lee and Raymond [TT] . 

Theorem 5. Let N be a normal subgroup of a space group F. Then the following 
are equivalent: 

(f ) The quotient group F/N is a space group. 

(2) The quotient group F/N has no nontrivial finite normal subgroups. 

(3) The normal subgroup N 0/ F is complete. 

Proof. By Theorem 2 every normal subgroup of a space group is a space group. 
Hence a space group has no nontrivial finite normal subgroups. Therefore (1) 
implies (2). As N/N is a finite normal subgroup of F/N, we have that (2) implies 
(3). Finally (3) implies (1) by Theorem 4. □ 

If F is a group, let Z{r) be the center of F. If F is a finitely generated group, let 
/3i be the first Betti number of F. Here F/[F, F] ^ G © Z/^i with G a finite abelian 
group. The next theorem strengthens Theorem 6 of Farkas [H]. 

Theorem 6. If T is a space group, then every element of Z{T) is a translation, 
the rank of Z{T) is and Z{T) is a complete normal subgroup o/F. 

Proof. The translations in F are characterized as the elements of F with only finitely 
many conjugates. Hence Z{T) is a subgroup of the group T of translations of F. 
Let H be the point group of F. If a + / e T and b + B eT, then 

(6 + B){a + I){b + B)-^ ^ Ba + L 
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Hence conjugation in F induces an action of 11 on T. The group extension 

1 ^ T — > r — > n ^ 1 
determines an exact sequence of cohoniology groups 

H\n, z) ^ h\t, z) ^ h\t, ij2(n, z). 

Here T,r and H act trivially on Z and H^{T,Z)^ is the subgroup of H^{T,Z) of 
elements fixed under the induced action of H. By the universal coefficients theorem, 
i?i(H,Z) ^ Hom(i?i(H),Z) = and Pi = rank{H^{T,Z)). By Corollary 5.5 in 
Chapter IV of Mac Lane 12J, we have -ff^(H, Z) ^ Hom(H, S^), and so H^{Il, Z) is 
finite. Hence /3i = rank{H^{T,'Z)^). By the universal coefficients theorem, 

H\T,Z)^ ^ Hom(iJi(T),Z)n ^ t" = Z(r). 

Thus rank{Z{T)) = f3i. 

Let V = Span(Z(r)). If a + / e Z(r) and 6 + B e T, then 

Ba + I = {b + B){a + I){h + B)"^ = a + /. 

Hence V C Fix(B). Therefore Z{T) = [a + I c^T : a c^V} = Z{T). □ 

Let Z{T) be the center of an n-dimensional space group F. Then every element 
of Z{T) is a translation, the rank of Z{T) is the first Betti number (3x of F, and 
Z{T) is a complete normal subgroup of F by Theorem 6. Let V — Span(Z(F)). 
By Theorem 4, the flat orbifold E"^ /T geometrically flbers over the flat orbifold 
{E'^/V)/(V/Z{T)) with generic fiber the flat /3i-torus V/Z{V). 

Suppose X eV^ and b + B e Tv+x- Write b = c + d with c e V and d eV-^. 
Then {b + B){V + x) + d + Bx, and so d + Bx ^ x. liv eV, then 

{b + B){v + x) = b + v + Bx = c + v + X. 

Thus Tv+x acts as a discrete group of translations on + a;. As Tv+x contains 
Z{T), we have that {V + x)/Tv+x is a /3i-torus. Thus all the flbers of the flbration 
projection 77 : E"/T (£;"/F)/(F/Z(F)) are /3i-tori, 

The /3i-torus V^/Z(F), as an additive group, acts effectively on E"-/T by 

{Z(T)v){Tx) = T{v + x). 

The projection from {V + x)/Z{T) to {V + x)/Ty+x is a covering projection for 
each X G V^. Therefore the action of V/Z{T) on E"/T is an injective toral action 
in the sense of Conner and Raymond [5] . 

4. Equivalence of Geometric Fibrations 

Let M be a flat n-orbifold. Suppose M geometrically flbers over a flat m-orbifold 
Bi with generic fiber a flat (n — rn)-orbifold Fi and fibration projection rji : M —>■ Bi 
for i = 1,2. Then the fibration projections 771 and 772 are said to be geometrically 
equivalent if there is an isometry /? : i?i — > i?2 such that [irji — 772 • 

Theorem 7. Let T be an n-dimensional space group. Suppose that the flat orbifold 
E" /T geometrically fibers over a flat m-orbifold B with generic fiber a connected 
flat (n — m)- orbifold F and fibration projection 77 : E^ /T B. Then T has a 
complete normal subgroup N such that 77 is geometrically equivalent to the fibration 
projection determined by N. 
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Proof. The fibration projection 77 is locally isometrically equivalent to a natural 
projection [F x D)/G ^ D/G, where G is a finite group acting diagonally on 
F X D, isometrically on F, and effectively and orthogonally on an open m-disk D. 
The fibers of the projection {F x D)/G D/G are connected, totally geodesic, 
and parallel, and so the fibers of are connected, totally geodesic, and parallel. 
Hence there is a vector subspace V of i?" such that each coset of V in i?" projects 
onto a fiber of 77 and F maps each coset of to a coset of V. Let b + B ^T. Then 
(b + B)V = b + BV, and so BV = V. 

Let V + X project to a generic fiber F of 77, that is, to a fiber of 77 with G — I. 
By conjugating F by —x + I, we may assume that x — 0. Now F ~ TV/T which 
is isomorphic to V/Ty where Fy = {7 G F : 'j{V) = V}. As rj is isometrically 
equivalent to the projection F x D ^ D in a. tubular neighborhood of the fiber F, 
we deduce that 

Tv =^ {a + A er : a eV andV^ C Fix(A)}. 

We claim that Fy is a normal subgroup of F. Let b + B £ T and a + A ^ Fy. 
Then we have 

(b + B)ia + A)ib + B)-^ =b + Ba- BAB'^b + BAB'K 

If X G V-^, then B'^x G V^, and so BAB'^x = x. Therefore C Fix{BAB-^). 
Write b = c + d with c ^ V and d G . Then we have 

b + Ba- BAB-^b = b + Ba- BAB-^c- BAB-^d 
= b + Ba- BAB-'^c-d 
= c + Ba- BAB-'^c 

which is an element of V. Therefore {b + B){a + A){b + By^ G Fy. Thus Fy is a 
normal subgroup of F. 

Now F — V/Tv is compact, and so Fy acts as a space group of isometrics of V. 
Therefore V = Span(Fy) by Part (1) of Theorem 1. Hence Fy = Fy. 

The fibration projection rj and the fibration projection 77y determined by Fy 
have the same fibers. Hence there is a homeoniorphisni (3 : B ^ (£^"/V^)/(F/Fy) 
such that (3ri = rjv- The map (j) is an isometry, since the metrics on B and 
(iJ"/y)/(F/Fy) are determined by the distance between fibers in E"^ /T. Therefore 
77 is geometrically equivalent to 77y. □ 

Let Mi be a connected, complete, flat 7i-orbifold for i = 1,2. Suppose Mi 
geometrically fibers over a flat 7n-orbifold Bi with generic fiber a flat {n ~ m)- 
orbifold Fi and flbration projection r]i : Mi Bi for i = 1,2. The fibration 
projections 771 and 772 are said to be isometrically equivalent if there are isometrics 
a : Ml — > M2 and f3 : Bi ^ B2 such that Pr]i — 772a. 

Theorem 8. Let M be a compact, connected, flat n-orbifold. If M geometrically 
fibers over a flat m-orbifold B with generic fiber a flat (n — m)-orbifold F and 
fibration projection r] : M ^ B, then there exists an n-dimensional space group F 
and a complete normal subgroup N of T such that 77 is isometrically equivalent to 
the fibration projection rjv ■ E" /T (_E"/V^)/(F/N) determined by N. 

Proof. There exists an 7i-dimensional space group F and an isometry a : M —>■ E^ /T 
by Theorem 13.3.10 of Ratcliffe^Mj. The map 770;"^ : E^/T ^ B is a. geometric 
fibration projection. There exists a complete normal subgroup N of F and an 
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isometry (3 : B {E"/V)/{T/N) such that l3{r)a-^) ^ rjv by Theorem 7. Hence 
l3r] — rjv a, and so rj is isometrically equivalent to Tyy. □ 

Theorem 9. Let he a complete normal subgroup of an n-dimensional crystal- 
lographic group Ti for i = 1,2, and let rji : E"/Ti — > (E"' /Vi)/{Ti/l>li) be the 
fibration projections determined by for i — 1,2. Then rji and 772 are isometrically 
equivalent if and only if there is an isometry ^ of E"' such that ^Fi^"^ = r2 and 

CNir' = N2. 

Proof. Suppose rji and 772 are isometrically equivalent. Then there exists isometries 
a : E'^/Ti E"^ jV^ and /? : (S"/yi)/(r/Ni) ^ [E"^ iVi) I {V 1^2) such that /Jryi = 
772a. The isometry a lifts to an isometry ^ of i?" such that a(ria;) = r2^(a;) for each 
X G i;" by Theorem 13.2.6 of Ratcliffe [l^. Therefore iV^C^ = ^2- As /?77i = 7/20, 
the isometry a maps a generic fiber of r\\ onto a generic fiber of 772 . Let + 2^ be a 
coset of Vi that projects to a generic fiber of 771 . Then ^ maps Vi + a; onto V2 + ^ (2;) 
and V2 + ^(a;) projects to a generic fiber of 772- Hence ^ conjugates the stabihzer of 
Vi + a; in Ti to the stabilizer of V2 + Ox) in r2. Therefore ^NiC"^ = N2. 

Conversely, suppose ^ is an isometry of i?" such that ^Fi^^^ = r2 and ^Ni^^^ = 
N2. Then ^ induces an isometry a : E"^ jY^ E"'/T2 defined by aiTix) = r2^ix) 
for each x G E". Let T^ be the group of translations of Ti for i = 1,2. Then 
^Ti^^^ = T2, since T^ is the unique maximal abelian normal subgroup of Fj for 
i = 1,2. Hence ^(Ni n Ti)^-^ = N2 n T2, and so if ^ = 6 + B, then BVi = V2. 
Therefore ^ maps each coset of Vi in E"^ onto a coset of V2 in E"' . Hence ^ induces 
an isometry I : E" /Vi E'' /V2 defined l{Vi + x) = V2 + ^(x). If 7 £ Fi and 
X e £'", then we have 

liNMVi+x)) - aV,+j{x)) 
= V2+ ^j{x) 

= v2+^ir'm = (N2e7r'm + a;). 

Hence ^(^17) = (^2^li~^)I, and so ^(^17)^"^ = N2^7^"^ Therefore we have 
^(Fi/Ni)^^^ — r2/N2. Hence ^ induces an isometry 

/3 : (i?"/\^i)/(Fi/Ni) ^ (£;"/^2)/(r2/N2) 

defined by 

/3((ri/Ni)(yi + x)) = (F2/N2)^(Fi + x) = (r2/N2)(y2 + CW)- 

If a; e S", we have 

/377i(ria;) = /3((Fi/Ni)(l/i + .x)) 

= (r2/N2)(^2+e(2:)) 

= ?72(r2C(a;)) = 772a(Fix). 
Therefore /3771 = 772a. Thus 7/1 and 772 are isometrically equivalent. □ 

Let M be a connected, complete flat 7i-orbifold. A universal orbifold covering 
projection is a geometric flbration projection tt : M ^ AI that is isometrically 
equivalent to the natural projection 7rr : -E" £'"/F for some discrete group F of 
isometries of E". There exists a universal orbifold covering projection tt : M ^ M 
by Theorem 13.3.10 of [14j . and any two universal orbifold covering projections 
TTi : Mi AI , i — 1,2, are isometrically equivalent by Theorem 13.2.6 of [H] . 
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Let TTi : Mi Mi be universal orbifold covering projections for i = 1, 2. A home- 
omorphism a : Mi M2 is said to be affine if there is an afRne homeomorphism 
a : Ml M2 such that airi — H2a. Note that a : Mi M2 being afhne does not 
depend on the choice of the universal orbifold covering projections vTi : Mi — > Mi. 

The fibration projections rji and 772 are said to be affinely equivalent if there are 
affine homeomorphisms a : Mi — > M2 and [3 : Bi ^ B2 such that (3rii = 772Q;. 

Theorem 10. Let be a complete normal subgroup of an n-dimensional space 
group r, for i = 1,2, and let rj, : E'^/Ti [E'' /Vi) / [Ti/^i) be the fibration 
projections determined by for i — 1,2. Then the following are equivalent: 

(1) The fibration projections rji and 772 are affinely equivalent. 

(2) There is an affine homeomorphism (j) of E" such that (pTicf)^^ — T2 and 
0Ni(/)-i = N2. 

(3) There is an isomorphism -0 : Fi ^ r2 such that 'ip{Ni) = N2. 

Proof. The proof of the equivalence of (1) and (2) is the same as the proof of 
Theorem 9. The equivalence of (2) and (3) follows from Theorem 7.5.4 of Ratcliffe 

M- □ 

5. ReDUCIBILITY of CRYSTALLOGRAPHIC GROUPS 

Let N be a normal subgroup of an n-dimensional space group T. The dimension 
of N, denoted by dim(N), is defined to be the dimension of V = Span(N). Note 
that dim(N) is equal to the virtual cohomological dimension of N by Theorem 2. 
The theory in this paper is nontrivial only if < dim(N) < n, and so we should 
discuss when such a normal subgroup N exists. 

Let T be the group of translations of F, and let H be the point group of F. The 
group T is free abelian of rank n and {b : b + I € T} spans E" by Theorem 1. 
Choose a set {61 +/,..., 6„ + /} of n generators of T. Then {bi, . . . , 5„} is a basis 
ofE"-. Let 7 = 6 + B G F. Then 7(6^- + 1)7-1 = Bbj + 1 € T for each j = 1, . . . , n. 
Hence there are integers Cij for i, j = \, . . . ,n such that Bbj = X]r=i '^ij^i fo^' each j. 
The representation p : H ^ GL(n, Z) defined by p{B) = (cy ) is a monomorphism. 
The representation p is said be reducible if there is an integer k, with < /c < n, 
such that every matrix in the image of p is in the block form 

A B 
O D 

where Ais a, k x k block and O is a (?i — fc) x fc block of zeros. 

The group F is said to be Z-reducible, if there is a set of n generators of T such 
that the corresponding representation p : II GL(rt, Z) is reducible. 

Theorem 11. Let F be an n-dimensional space group with translation group T and 
point group Ft. Then the following are equivalent: 

(1) The group F is Z-reducible. 

(2) There exists a Il-invariant vector subspace V of E^^ with basis {bi, . . . ,bk} 
such that < k < n and 6^ + / G T for each i = I, . . . , k. 

(3) The group F has a normal subgroup N of dimension k with < k < n. 

Proof. Suppose F is Z-reducible. Then there is a set of generators {bi+L, . . . , 6„+/} 
of T such that the corresponding representation p -.11 ^ GL(n, Z) is reducible. Let 
k be the integer in the definition of reducibility, and let V — Span{6i, . . . ,bk}. 
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Then F is a Il-invariant vector subspace of with basis {61, . . . ,bk} such that 
< A; < 71 and 6i + / e T for each i = 1, . . . , fc. Thus (1) impHes (2). 

Suppose there exists a Il-invariant vector subspace V of i?" with basis {&i, . . . , 6^} 
such that < fc < n and 6i + / G T for each i = 1, . . . , k. Define 

N = {« + / e T ; aeV}. 

As V is Il-invariant, N is a normal subgroup of F. As = Span(N), we have that 
dim(N) = k. Thus (2) impHes (3). 

Suppose r has a normal subgroup N of dimension k with < k < n. Then T has 
a set of generators {&i + /,..., 6„ + /} such that bi + I , . . . ,bk + I generate N n T 
by the proof of Lemma 1. As N n T is a normal subgroup of F, the additive group 
generated by 61, . . . , 6fc is H-invariant. Hence the representation p : H — > GL(n, Z) 
determined by the set of generators {&i + /,..., 6„ + /} of T is reducible. Thus (3) 
implies (1). □ 

Theorem 12. Let T be an n- dimensional space group. IfV has a normal subgroup 
N of dimension k, then F has a normal subgroup N' of dimension [n — k). 

Proof. This follows from Theorem 11 and Proposition 2.1.1 of Brown, Neubiiser, 
and Zassenhaus ^3^. □ 

6. Geometric Fiber Bundles 

Let F be an n-dimensional space group. If i?"/F geometrically fibers over a flat 
manifold B with generic fiber a flat orbifold F, then i?"/F is a fiber bundle over B 
with totally geodesic fibers isometric to F. 

Definition: A flat 71-orbifold M is a geometric fiber bundle over a flat m-manifold 
B with fiber a flat (n — r7i)-orbifold F if there is a surjective map rj : M ^ B, called 
the fibration projection, such that for each point y in B, there is an open metric ball 
B{y, r) of radius r > centered at y in B such that rj is isometrically equivalent on 
ri~^{B{y,r)) to the natural projection F x By ^ By onto an open metric ball By 
in i?'" of radius r. 



Lemma 2. Let N be a complete normal subgroup of an n-dimensional space group 
T, and let V = Span(N). Then {E''/V)/{T/N) is aflat manifold if and only z/F/N 
is torsion-free. 

Proof. Suppose {E" /V) /{T /N) is a flat manifold. Then the quotient map from 
E^/V to {E"^ /V)/{r /N) is a universal covering projection with F/N its group of 
covering transformations. Therefore (£'"/F)/(F/N) is an aspherical manifold, and 
so its fundamental group is torsion- free. Therefore F/N is torsion- free. 

Conversely if F/N is torsion-free, then {E^ /V)/ {T fN) is a flat manifold, since 
the finite group Gx — Ty+x/^ is trivial for each x G V-^. □ 

Theorem 13. Let N be a normal subgroup of an n-dimensional space group F such 
that F/N is torsion-free, and let V — Span(N). Then N is complete, and the flat 
orbifold E" /T is a geometric fiber bundle over the flat manifold (i?"/l/)/(F/N) with 
fiber the flat orbifold V/N. 



Proof. We have that N is complete by Theorem 5. The rest of the theorem follows 
from Lemma 2 and Theorem 4. □ 
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Theorem 14. Let T be an n- dimensional space group with first Betti number /3i. 
Then T has a unique normal subgroup N such that F/N is a free a,belia,n group of 
rank Pi, and the flat orbifold /T uniquely fibers as a geometric fiber bundle over 
a flat (3i-torus. 

Proof. We have r/[r,r] = G ® Z'^i with G a finite abefian group. Hence the 
subgroup of r containing [F, F] that corresponds to G is the unique normal subgroup 
N of F such that F/N is a free abeUan group of rank By Theorem 13, we have 
that N is complete. Let V = Span(N). Then (£"/y)/(r/N) is a flat /3i-torus, 
since F/N is a free abelian group of rank f3i. Therefore E'"" /T fibers as a geometric 
fiber bundle over a flat /3i-torus by Theorem 4. The flat orbifold i?"/F uniquely 
fibers as a geometric fiber bundle over a fiat /3i -torus by Theorem 7, since N is the 
unique normal subgroup of F such that F/N is free abelian of rank □ 

Lemma 3. IfT is an n-dimensional space group with translation group T and point 
group n, then the transfer homomorphism tr : F ^ T given by the formula 

tr{b + B) = {^{A:AeU})b + I for each b + BeT. 

Proof. For each A G 11, choose a coset representative ua+A of T in F corresponding 
to A. Given an element b + B G T and a coset representative ua + A, then there 
exists a unique coset representative ua' + A' such that 

{aA + A){b + B){aA' + A')-^ e T. 

The transfer homomorphism tr : F ^ T is defined by the formula 

tr(6 + B)= Yl{{aA + A){b + B){aA' + A')-^ : A e H}. 

We have that 

{aA + A){b + B){aA' + A')-^ =aA + Ab- AB{A')-^aA' + AB{A')-\ 
Therefore AB{A')~'^ = I, and so A' = AB. Hence we have that 
tv{b + B) = HiaA + Ab-aAB + I-AGU} 

= {j:{aA :AeU}- j:{aAB : A e U} + J2{Ab :AgU})+I 
= {j:{A:A€U})b + I. 

□ 

Lemma 4. IfU is a finite group of orthogonal transformations of , then 

(1) im(E{^ e n}) = Fix(n), 

(2) Ker(X;{A £ H}) = Fix(n)-L. 
Proof. Let B e E. Observe that 

(i3-/)(EMen}) = o. 

Now Ker(B — I) = Fix(i?). Hence we have 

im(£{A e n}) c Fix(n). 

Let X e Fix(H). Then we have 

{j:{Aen}){x) = \n\x. 

Hence x e Im{J2{A e H}). This proves (1). 
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Let X e Kei{J2{A G 11}). Write x = u + v with u € Fix(n) and v e Fix(n)-'-. 
Then we have that 

= (E{A e ii}){x) = \n\u + (E{A g n})(^;). 

Now |n|u e Fix(n) and {J2{^ £ n})(w) G Fix(n)-L, since Fix(n)^ is a n-invariant 
subspace of E^. Therefore |n|M = 0, and so u = 0. Hence x G Fix(n)^. 
Conversely, suppose x G Fix(n)-'-. By (1), we have 

G n})(a;) G Fix(n) n Fix(n)-L = {0}. 

Therefore x G Ker(X;{^ G H}). This proves (2). □ 

Let N and N' be a normal subgroups of a space group F. We say that N and N' 
are orthogonal if Span(N') = (Span(N))-'". If N and N' are orthogonal, complete, 

normal subgroups of F, wc define ~ N'. 

Theorem 15. Let F be an n- dimensional space group with first Betti number Pi. 
Then the kernel of the transfer homomorphism tr : T ^ T is the unique normal 
subgroup N o/F such that F/N is a free abelian group of rank Pi, Moreover N and 
Z{T) are orthogonal, complete, normal subgroups o/F. 

Proof. Let H be the point group of F. By Lemmas 3 and 4, wc have that 

tr{Z{r)) = {|n|6 + 1 -.b + I e Z{r)} C Im(fr) C Z(F). 

Hence Im(ir) is a free abelian group of rank Pi by Theorem 6. Therefore Ker(tr) is 
the unique normal subgroup N of F such that F/N is a free abelian group of rank 
Pi. 

By Lemmas 3 and 4, we have that 

N = Ker(tr) = {b + B €T :b€ Fix{U)^}. 

Hence Span(N) C Fix(n)-'-. By Theorems 6 and 14, we have that 

dim(Span(N)) =n-pi= dim(Fix(n)-L). 

Therefore Span(N) = Fix(n)-L. Now as Span(Z(F)) = Fix(n), we conclude that 
N-L = Z{T). □ 

7. Crystallographic Group Extensions 

Let N be a complete normal subgroup of an ri-dimensional space group F, let 
V = Span(N), and let m = dim(£^"/y). Then N is an (n — rn)-dimensional space 
group by Theorem 2, and F/N is an m-dimensional space group by Theorem 4. We 
call the exact sequence of natural group homomorphisms, 

1 ^ N ^ F ^ F/N ^ 1, 

a space group extension. In this section, we study the relationship between the 

point groups of N,F, and F/N. 

Lemma 5. Let T be a space group with group of translations T and point group H. 
Let ^ be a normal subgroup of T, and let ^ = {A & 11 : a + A G N for some a}. 

Then 

(1) the group of translations o/N is N fl T, 

(2) the point group of N is isomorphic to and 

(3) the group ^ is a normal subgroup ofH. 



FIBERED ORBIFOLDS AND CRYSTALLOGRAPHIC GROUPS 



13 



Proof. Let V = Span(N), and let a + ^ e N. By Theorem 2, we have that a eV 
and C Fix(A). Hence a + A€N acts as a translation on V if and only if A = I. 
Thus (1) holds. Let : r ^ n be defined by r]{b + B) = B. Then (2) follows from 
(1), since the Ker(?7|N) = NnT, and (3) follows from (1), since N/(NnT) ^ NT/T, 
and so $ corresponds to the normal subgroup NT/T of F/T. □ 

Theorem 16. Let T he a space group with point group H. Let N be a complete 
normal subgroup of T, let V = Span(N), let = {B e U : V-^ C Fix(B)}, let 
M = {b + BeT: Be *},. and let <f> be as in Lemma 5. Then 

(1) the group of translations o/F/N is M/N, 

(2) the group ^ is a normal subgroup of ^, 

(3) the group ^ is a normal subgroup of II, 

(4) the point group o/F/N is isomorphic to IL/'I>. 

Proof. Let b + B £ F. Suppose b + B acts as a translation on E"/V. Then 
{b + B){V + x) = V + c + x for some c e E'" for all x € V^. Now {b + B){V + x) = 

V + b + Bx. Taking x = 0, we see that b-ceV, and soV + b + Bx = V + b + x. 
Hence Bx - x e V r\V^ = {{)}. Therefore x G Ker(B - /) = Fix(S). Hence 

C Fix(B), and so b + B e M . Conversely \ib + B & M, then b + B obviously 
acts as a translation on E"/V. Thus (1) holds. Let A € ^. By Theorem 2, we 
have that AG*. Thus (2) holds by Lemma 5. 

Let B G *, and let C G H. By Theorem 2, we have that C leaves V invariant. 
Hence C leaves V-^ invariant. Therefore CBC^^ G 4'. Thus (3) holds. 

Let T be the translation group of F. Then (4) follows from (1), since 

(F/N)/(M/N) ^ F/M ^ (F/T)/(M/T) ^ E/*. ^ 

For example, let ei = (1,0) and 62 = (0,1), let t j = + / for i = 1,2, let 
(3 = iei+diag(l, —1), and let F = {ti,t2, /3). Then F is a 2-dimensional space group, 

and E'^ /r is a flat Klein bottle. The group {12) is a complete normal subgroup of 
F and Span(t2) ~ Span{e2}. Hence $ is trivial and ^' has order two. 

Corollary 3. If T is a space group with translation group T, then the group of 
translations ofT/Z{T) is T/Z(F) and the point group ofT/Z{T) is isomorphic to 
the point group o/F. 

8. Splitting Crystallographic Group Extensions 

Let N be a complete normal subgroup of an n-dimensional space group F, let 

V = Span(N), and consider the corresponding space group extension 

1 ^ N F ^ F/N ^ 1. 

In this section, we study the relationship between the above space group extension 
splitting (p having a right inverse) and the corresponding fibration projection r] : 
E'^/T — > (£^"/y)/(F/N) having an affine section. Here an affine section of r] is 
an affine map a : {E^ /V)/{T/'N) E^ /T such that rycr is the identity map of 
(i;"/y)/(F/N). A map a : (£;"/y)/(F/N) ^ £;"/F is affine if a lifts to an affine 
map a : jV — > with respect to the natural quotient maps. 



14 



JOHN G. RATCLIFFE AND STEVEN T. TSCHANTZ 



Lemma 6. Let N be a complete normal subgroup of an n- dimensional space group 
V, and let V = Span(N). Let -q : /T {E"/V)/{T/N) be the fibration projection 
determined by N. If the space group extension 



1 ^ N - 

splits, then rj has an affine section. 



r ^ r/N ^ 1 



Proof. Suppose that the space group extension sphts. Then F has a subgroup S 
such that p maps S isometricahy onto F/N. By Theorem 5.4.6 of [HI, the group 
S has a free abehan subgroup H of rank m and finite index, there is an m-plane Q 
of -E" such that H acts effectively on Q as a discrete group of translations, and the 
rn-plane Q is invariant under E. Hence 

m = dim(H) = dim(F/N) = dim{E'^/V). 

By conjugating F by a translation, we may assume that Q is a vector subspace of 
E". Let tti + Ai, . . . , Om + A,n be generators of H. Then Oi ^ Q for each i and 
Ai fixes Q pointwise for each i. Let k be the order of the point group of F. Then 
(fli + Ai)''' — ka-i + 1 for each i. Hence, by replacing H by a subgroup of finite index, 
we may assume that Ai = I for each i. 

Now p{ai + I) acts on E'^/V by N(aj + L}{V + x) = V + x + a^, and so p{ai + 1) 
acts as a translation on E"/V for each i. As p(H) has finite index in F/N, we 
have that p(H) has finite index in the translation subgroup of F/N. Therefore the 
vectors V + ai, . . . ,V + a,„ span E"-/V. Hence the quotient map tt : E^ ^ E" /V 
maps Q isomorphically onto E"/V. Therefore V DQ = {0}. 

If a; G then x can be written uniquely as a; = xy + xq with xy S V and 
G Q- Define (j) : E"/V ^ Q by (/){¥ + x) = xq. Then </> is a well-defined linear 
isomorphism. 

Let a-|- j4 G S. Then a £ Q and A leaves both V and Q invariant. Observe that 



<t)ip{a + A){V + x)) 



Hence (j) induces an afhne map 
Observe that 



#((F/N)(F + a;)) 



= (j){N{a + A){V + x)) 
: 0(y + a + Ax) 
-- a + Axq 

{a + A)xQ ^ (a + A) 0(1^ + 2;). 

(£;"/F)/(F/N) ^ E-^jV whose image is FQ/F. 
r]{V^{V^x)) 

Vi^Xg) 

(F/N)(F + xq) = (F/N)(F + x). 



Therefore ?70 is the identity map. Thus (j) is an affine section of ij. 



□ 



Lemma 7. Let N be a complete normal subgroup of an n-dimensional space group 
F, and letV = Span(N). Let 77 : E^'/F ^ {E''/V)/{T/N) be the fibration projection 
determined by N. If rj has an affine section a : {E" /V)/(T/N) — >• E"' /T such that 
Im(f7) intersects a fiber Fq of rj at an ordinary point Xq of Fq , then the space group 
extension 1 ^ N ^ F ^ F/N — > 1 splits. 
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Proof. By conjugating F by a translation, we may assume that xo = TO. Then a 
hfts to an affine map a : E'^/V — > such that Im(cr) is a vector subspace Q of 
and the foUowing diagram commutes 

TTr/N i i 7!"r 

(i;"/y)/(r/N) i;"/r 

where the vertical maps are the quotient maps. Now we have 

MQ) = 7rr(a(£"/F)) = a{nr/f,{E^ /V)) = lm{a). 

Let f] : E^/V be the quotient map. Then ttp/n^ = Wr, and so 

nr/NV{Q) = VMQ) = V{M<^)) = {E"/V)/{T/N). 

As T?(Q) is a vector subspace of E"/V, wc deduce that fj{Q) = E'^/V. Therefore 
fja : E'^/V — > E^-fV is an affine homeomorphism, and so a : E'^/V — > E^ is an 
afRne embedding whose image is Q. 

Let S be the stabilizer of Q in F, and let a + A G N n E. Then aeVCiQ = {0}. 
Hence A = I, since FO is an ordinary point of the fiber Fq = TTr{V), which is 
isometric to V/Ty. Therefore NnY, = {I}. 

Suppose a + A G T, and a + A fixes Q pointwisc. Then a = 0, since E Q. Let 
X € Q. Write x = v + w with v & V and w G V^. Then Ax = Av + Aw, and so 
X = Av + Aw. Now At; e 1^ and Aw G y-"-, and so j4v = v and Aw = w. Hence A 
fixes V-^ pointwisc, since fj(Q) = E" /V . Therefore A G N. Hence A = I, since FO 
is an ordinary point of Fq. Thus S acts effectively on Q. 

Suppose X G Q, and 7 G F, and y = ^x G Q. Choose r > small enough so that 
B{y, r) n B{ay, r) = unless a G Ty, the stabilizer of y in F. Then we have 

7rf^(7rr(B(y,r)nQ)) nB(y,r) = U a(B(t/, r) n Q). 

aePj, 

We have 7rr(-B(y, r) fl 7(5) = ■JTr{B{y, r) fl Q). Therefore, we have 
B(y,r)n7Q C U (B(t/,r)naQ). 

aGl y 

Hence, we have 

B{y,r)n^Q = U {B{y,r) HaQ n^Q). 

aGl y 

Therefore 7(5 = for some a G F^, since Fj^ is finite. Hence a~^'yQ = Q and 
a~^'yx = y. Thus a~^7 G S and ttf induces an isometry from Q/S to Im(c7). 
We have a commutative diagram 

(7!"r)l i i TTr/N 

lm(c7) ^ (S"/y)/(F/N) 

with r?i,r?i, (7rr)i the restrictions of fi,r],'jTr, respectively; moreover, fji and rji are 

homcomorphisms and the fibers of (7rr)i arc the orbits of the action of I] on Q. Let 
X & Q such that nr/t^fji{x) = 7rr/N(^ + 2;) is an ordinary point of (-E"/y)/(F/N), 
and let N7 G F/N. Then there exists 7' G S such that fii{'y'x) = (N7)r)i(a;). Hence 
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(N7')(y -\- x) — (N7)(y + x), and so N7' = N7, since itt/^{V + x) is an ordinary 
point of {E"/V)/{T/'N). Therefore NS = F. Hence, the space group extension 



Theorem 17. Let N be a complete, torsion-free, normal subgroup of an n-dimen- 
sional space group T, and let V = Span(N). Let r] : E'^/T {E" /V) / {T /N) be the 
fibration projection determined by N. Then t] has an affine section if and only if 
the space group extension 1— >N— »-r— >r/N— »-l splits. 

Proof. If the space group extension 1 ^ N — > F — > F/N — > 1 splits, then 77 has 
an affine section by Lemma 6. If 77 has an affine section a, then Im(o-) intersects 
every generic fiber of r] at an ordinary point, since every point of a generic fiber is 
an ordinary point, because N is torsion-free. Therefore, the space group extension 
1 ^ N ^ F ^ F/N 1 spUts by Lemma 7. □ 

Lemma 8. Let N be a complete normal subgroup of an n-dimensional space group 
T, and let V = Span(N). Let r] : E'^/T {E'' /V)/{r/N) be the fibration projection 
determined by N. // V/N has a point Nfo thai is fixed, by every isometry of V/N, 
then the map a : (£;"/y)/(F/N) ^ E'^/T, defined by a{{T/N){V + x)) = T{vo+x) 
for each x e V-^, is a section of rj and an affine isometric embedding. 

Proof Letb + B & Write b = c + d with c G V and d e V-^. Then (b + B)V = 
V + d. Let a + A G N and let v gV. Then we have 

{b + B){{a + A)v) = {b + B){a + A){b + B)-\b + B)v = {a' + A'){{b + B)v) 

with a' + A' G N, because N is a normal subgroup of F. Hence b + B induces an 
isometry (6 + B)» from V/N to {V + d)/N defined by {b + B)»(Nt>) = N(6 + Bv). 
Now {b + B)^(Nvo) = N(6 + Bvq), and so N(6 + Bvq) is fixed by every isometry of 
{V + d)/N. 

Next, we have {d + I)V = V + d and {d + I){{a + A)v) = (a + A){{d + I)v). 
Hence d + I induces an isometry {d + /)* from V/N to {V + rf)/N defined by 
{d + /),(Nu) = N(t; + d). Now {d + I)^(Nvo) = N(wo + d). Hence we have 



and so N(uo + d) = N(6 + Bvq). Therefore there is an a + A G N such that 
(o + A){b + Bvo) = vo + d. Hence a + Ac + ABvo = vq. 

The map : E^/V E^, defined by a{V + x) = vq + x for each x G V-^, is an 
affine isometric embedding. Observe that 



Hence a induces a map a : (i;"/y)/(F/N) ^ £"/F defined by ct((F/N)(V = 
T{vo + x) for each x G V-^. Now we have 



1 ^ N ^ F ^ F/N^ 1 
splits with p mapping S isometrically onto F/N. 



□ 



{d + I)4b + B)-\Nib + Bvoj) = N{vo + d), 



a{{b + B){V + x)} 



= a{V + d + Bx) 

= vo + d + Bx 

= a + Ac + ABvo +d + Bx 

= a + Ac + ABvo +Ad + ABx 

= {a + Ab + AB){vo + x) = 



{a + A){b + B)a{V + x). 




□ 
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Theorem 18. Let N be a complete normal subgroup of an n-dimensional space 
group T, and let V — Span(N). IfV/N has an ordinary point Nvq that is fixed by 
every isometry of VfN, then the space group extension 1 ^ N ^ F ^ F/N — s- 1 
splits. 

Proof. By conjugating F, we may assume that TV/T is a generic fiber of rj. Then 
Fy/F is isometric to V/N. By Lemma 8, the fibration projection 77 : E^'^ /T 
{E" /V)/{T /N) has an affine section a such that Im(cr) intersects the fiber FF/F in 
the ordinary point Tvq. Hence the space group extension 1 — *■ N ^ F ^ F/N 1 
sphts by Lemma 7. □ 

For example, consider a space group extension 1 ^ N ^ F ^ F/N 1 such 
that N is an infinite dihedral group. Then V/N is a closed interval. The midpoint of 
the closed interval V/N is an ordinary point of y/N that is fixed by the nonidentity 
isometry of V/N. Hence the space group extension 1 ^ N F ^ F/N 1 splits 
by Theorem 18. 

We next consider an example that shows that the hypothesis that Nuq is an 
ordinary point cannot be dropped in Theorem 18. Let F be the 3-dimensional 
space group with IT number 113 in Table IB of |4j. Then F — (ii, t2, ts, a, /?, 7) 
where ti = e^ + J for i = 1, 2, 3 are the standard translations, and a = ^61 + ^62 + ^, 
/3 = iei + 5,7 = 562 + C, and 

/-I oo\ /oi o\ /"lo o\ 

A = i 0-10 ,B= -10 ,C= 1 . 
\ 01/ \00-l/ \00-l/ 

The group N — {ti,t2, a, P"f) is a complete normal subgroup of F with V = 
Span(N) ~ Span{ei,e2}. The isomorphism type of N is 2*22 in Conway's no- 
tation 61 or cmm in the international notation [15] . The fiat orbifold V/N is a 
pointed hood. The orbifold V/N has a unique cone point N(iei + ^62) which cor- 
responds to the fixed point jCi + ^62 of the halfturn a. Hence the cone point 
of V/N is fixed by every isometry of V/N. Therefore the fibration projection 
rj : E^ /T {E^ /V)/ {T /N) has an isometric section by Lemma 8. However the 
space group extension 1 ^ N — *■ F ^ F/N 1 does not split, since 7 projects to 
an element of order 2 in F/N, but {{d + D)-f)'^ ^ / for all d + D in N. To sec why, 
observe that there are only four possibilities for D, namely D — I,A,BC,ABC. 
Suppose D — I. Then d = kei + £e2 for some integers k and £, and we have 

{{d + D)-,f = {\ + 2l)e2 + I ^I. 

The proofs of the other three cases for D are similar. This example also shows that 
the hypothesis that N is torsion-free cannot be dropped in Theorem 17. 

9. Seifert Fibrations 

We call a geometric fibration of a flat n-orbifold M over a fiat {n — l)-orbifold 
B with generic fiber a connected, compact, flat 1-orbifold F a geometric Seifert 
fibration. Here F is either a circle or a closed interval. Seifert fibrations of compact 
fiat 3-orbifolds have been studied by Bonahon and Siebenmann [2], Dunbar [8], 
and Conway et al. [7]. Every Seifert fibration of a compact fiat 2- or 3-orbifold 
is isotopic to a geometric Seifert fibration by Proposition 2.12 of Boileau, Maillot, 
and Porti [1] and the discussion in [2]. 
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Let F be a connected, compact, flat 1-orbifold, and let iJ be a flat (n — l)-orbifold 
B. Then F x B is a, flat n-orbifold. The natural projection of F x B onto B is a 
geometric Seifert fibration over B with generic fiber F. 

Let I be a closed interval, let -B be a connected, complete, flat (n — l)-orbifold, 
and let a be an involution of I x B which acts diagonally, as a reflection on I, 
and effectively and isometrically on B. Let M = (I x B)/{a). Then Af is a flat 
n-orbifold and B = B/{<j) is a flat (n — l)-orbifold. The natural projection of M 
onto S is a geometric Seifert fibration over B with generic fiber I. The flat orbifold 
M is called the twisted l-bundle over B determined by the orbifold double cover B 
of B. 

Theorem 19. Let M be a connected, complete, flat n-orbifold, let B be a flat 
(n — 1)- orbifold, and let rj : M ^ B be a geometric Seifert fibration with generic 
fiber a closed interval 1. Let I be the set of endpoints ofl, let M be the the union 
of all the endpoints of the fibers of rj that are determined by the endpoints of 1, and 
letfj-.M^B be the restriction of rj. Then M is a complete, flat {n — l)-orbifold, 
and f} is a geometric fibration over B with generic fiber the flat 0-orbifold I. If M is 
disconnected, then r] is isometrically equivalent to the natural projection Ix B ^ B. 
If M is connected, then r] is isometrically equivalent to the natural projection of the 
twisted l-bundle over B determined by the orbifold double covering r] : M ^ B. 

Proof. That M is a flat (n — l)-orbifold and ?) is a geometric fibration over B with 
generic fiber I follows from the definition of the geometric fibration rj. The orbifold 
M is complete, since M is a closed subspace of the complete metric space M. Let 
Bi/2 be the union of all the points of the fibers of rj that are determined by the 
midpoint of L Then -B1/2 is a flat (n — l)-orbifold, and rj maps i?i/2 isometrically 
onto B. The geometric fibration fj : M ^ B is geometrically equivalent to the 
fiberwise projection from M to -81/2- 

Suppose M is disconnected. Then M has exactly two connected components 
Bo and Bi, and 77 maps Bi isometrically onto B for each i, since 77 : M — *• B is 
an orbifold double covering and B is connected. Hence B1/2 is two-sided in M. 
Parameterize I so that I = [0,£]. Define (f) : I x B ^ M hy (f){t,y) = yt where yt 
is the point in r]~^{y) which is at a distance t from Bq along rj~^{y) towards Bi. 
Then (j) is an isometry, and 77 is isometrically equivalent to the natural projection 
IxB-^ B. 

Suppose M is connected. Then S1/2 is one-sided in M. Let t : M ^ M be 
the continuous involution that transposes the endpoints of the fibers of 77 that are 
isometric to L Then r is an isometry. Note that x is fixed by t if and only if 
ri~^{r]{x)) is a singular fiber isometric to I folded in half. The geometric fibration 
rj : M B induces an isometry from M / {t) to B. Define (f) : \ x M ^ M hy 
(j){t,x) = xt where xt is the point of ?7~^(?7(x)) which is at a distance t from x if 
t < £/2 or at a distance £ — t from t(x) if <; > £/2. Let cr : I x M be the isometry 
that acts diagonally, as the reflection in I, and by r on M. Then <p induces an 
isometry from (I x M)/{a) to M, and rj is isometrically equivalent to the natural 
projection of the twisted I-bundle over B determined by the orbifold double covering 
fj: M B. □ 

Theorem 20. // 1 ^ N — ^ T -^^ T/N 1 is a space group extension such 
that N is an infinite dihedral group, then T has a subgroup S such that p maps E 



FIBERED ORBIFOLDS AND CRYSTALLOGRAPHIC GROUPS 



19 



isomorphically onto F/N, and either F = N x E and S is unique and orthogonal to 
N, or else S has a subgroup Eq of index 2 such that ifTo = NEq, then Fq = N x Eq 
and So is unique, but T, is not necessarily unique; moreover Sq is a complete normal 
subgroup o/F. which is orthogonal to N, and F/Sq is an infinite dihedral group. 

Proof. Let V — Span(N), and let n = dim(F). Then I = V/N is a closed interval 
and the fibration projection rj : E"/T (E" /V)/ (T /N) is a geometric Seifert 
fibration with generic fiber L Let M — E"/T. By Theorem 18, the group F has 
a subgroup E such that p maps S isomorphically onto F/N, and by Theorem 19, 
either F = N x E, with E orthogonal to N, if M is disconnected, or else E has a 
subgroup Eq of index 2, if Af is connected, corresponding to the orbifold double 
cover M of (£;'VT^)/(F/N), such that if Tq ^ NEq, then Fq = N x Eq, since I x M 
double covers M. If F = N x E, then E is unique, since E is the centralizer of 
N in F. If F 7^ N X E, then Eq is unique, since Eq is the centralizer of N in F. 
To see that E is not necessarily unique, see example (5) in the next section. The 
group Eq is normal in F, since Eq is the centralizer of a normal subgroup of F. The 
group Eq is complete and F/Eq is an infinite dihedral group, since Eg corresponds 
to the generic fiber of the geometric fibration of (I x M)/{a) over I/(cr) induced 
by projection along the first factor. Finally Eg is orthogonal to N, since E can be 
chosen to be orthogonal to N as in the proof of Lemma 8. □ 

10. Reducible 2-Dimensional Crystallographic Groups 

Let F be a 2-dimensional space group. Then every nontrivial geometric fibration 
of E'^/r is a Seifert fibration. If & + i? G F and B has no 1-dimensional invariant 
vector space, then E"^ /V does not Seifert fiber. Hence if i? is a rotation of order 3 
or 4, then E"^ /T does not Seifert fiber. This excludes 8 of the 2-dimensional space 
group isomorphism types. The orbifolds of the remaining 9 isomorphism types do 
Seifert fiber. We now describe all of these geometric Seifert fibrations. We denote 
a circle by O and a closed interval by I. 

We consider the groups in the order of Table lA of Brown et al. [4] which 
corresponds to the IT order [lOj. We use the generators for the representatives of 
the isomorphism types of the 2-dimensional space groups listed in Table lA of [4]. 
Let ti = ei + / and t2 = 62 + / be the standard basis translations, and let 



Let a,b be relatively prime integers, let c,d be integers such that ad — be = 1, 
and let cj) : E^ ^ E'^ he the linear automorphism defined by (f>{ei) = (a, 6) and 
0(62) — (c, d). The symbol x denotes a semidirect product of groups. 

(1) Let F = {ti,t2). The isomorphism type of F is o (pi). Here o is Conway's 
notation [6] and pi is the IT notation [15]. The orbifold i?^/F is a fiat torus and 
E^/r is the cartesian product 0x0. The proper, complete, normal subgroups of F 
are of the form {t1t\). We have F = {tit\) x (if ^2)1 ^"^d so E"^ /T is a geometric trivial 
fiber bundle over O, with fiber O, in infinitely many ways. The linear automorphism 
(j) normalizes F and conjugates {ti) to {tit\). Therefore, all the geometric Seifert 
fiberings of E'^/T are affinely equivalent. 

(2) Let r = {ti,t2,A). The isomorphism type of F is 2222 {p2) and E^/T is a fiat 
pillow. The proper, complete, normal subgroups of F are of the form {tit\). We 
have F = {tlt\) x (tjt^,^), and so E'^ /T geometrically fibers over I, with generic 
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fiber O, in infinitely many ways. The linear automorphism (jj normalizes F and 
conjugates (ti) to Therefore, all the geometric Seifert fiberings of E'^/T are 

affinely equivalent. 

(3) Let r = {ti,t2, B). The isomorphism type of F is ** {pm) and E'^/F is a flat 
annulus. The proper, complete, normal subgroups of F are Z{T) = (ti) and {t2,B). 
We have F = (ti) x {t2, B), and so E"^ /T is the cartesian product O x L 

(4) Let F = {ti,t2, f3) where f3 = ^ei +B. The isomorphism type of F is x x (pg) 
and E'^ /r is a flat Klein bottle. The proper, complete, normal subgroups of F are 
Z{T) = {ti) and (^2). Now T/{ti) = Dao, and so E"^ /T geometrically fibers over 
I with generic fiber O. The extension {tx) ^ F ^ D^o does not split, since F is 
torsion-free. Also F = {12) >^ (/?), and so E'^ /T is a geometric fiber bundle over O 
with fiber O. 

(5) Let F = {ti,t2,C). The isomorphism type of F is * x (cm) and E"^ /V is a 
flat Mobius band. The proper, complete, normal subgroups of F are Z{T) = (^1^2) 
and (tit^^, C). Now F/(tit2) = D^o, and so E^/T geometrically fibers over I with 
generic fiber O. The extension (iit2) ^ F ^ D^o does not split, since F is not the 
direct product of {tit2) and Doo- Also F = {tit2^,C) x (tiC) for i = 1,2, and so 
i?^/F is a geometric fiber bundle over O with fiber I. We have {tiCY = ^1^2 for 
i = 1,2, and (iii2) is the centralizer of {tit2^,C) in F. As {tiC)~^ = tl^^C, we 
have that {t\C) ^ {t2G). Hence the subgroup S = {t\C) in Theorem 20 is not 
necessarily unique. 

(6) Let F = {ti,t2,A, B). The isomorphism type of F is *2222 (pmm) and E'^ /T 
is a square. The proper, complete, normal subgroups of F are (ti, AB) and (^2, B). 
Now F = {ti,AB) X {t2- B). and so E^ /T is the cartesian product I x L The Hnear 
automorphism a : E'^ i?^, defined by cr(ei) = 62 and cr(e2) — ei, normalizes F 
and conjugates {ti,AB) to {t2,B). Therefore, the two geometric Seifert fiberings 
of E"^ /T are isometrically equivalent. 

(7) Let F — {ti,t2,A, 0) where /3 = ^62 + B. The isomorphism type is 22* (pmg) 
and E^/T is a pillowcase;. The proper, complete, normal subgroups of F are (ti) 
and {t2,P)- Now F — (ti) x (A, /?), and so E'^/T geometrically fibers over I with 
generic fiber O. Also F = (^2,/?) x (ti, A), and so E"^ /T geometrically fibers over I 
with generic fiber I. 

(8) Let F = (ti, t2, A, [3) where /3 = iei + ^62 + B. The isomorphism type of F is 
22x {pgg) and E'^/T is a projective pillow. The proper, complete, normal subgroups 
of F are (ti) and {t2). Now T/{ti) ^ £>oo for i = 1,2, and so i;Vr geometrically 
fibers over I, with generic fiber O, in two ways. The extension (ti) ^ F ^ D^o does 
not split, since j3 projects to an element of order 2 but is a glide-reflection for 
each integer k. The linear automorphism a : E^ ~^ E^, defined by a-(ei) = 62 and 
17(62) = ei, normalizes F and conjugates {ti) to (^2). Therefore, the two geometric 
Seifert fiberings of i?^/F are isometrically equivalent. Hence the extension (^2) 

F Doo also does not split. 

(9) Let F = {ti,t2,A,C). The isomorphism type of F is 2*22 (cmm) and E'^/T 
is a pointed hood. The proper, complete, normal subgroups of F are {tit2, AC) and 
(tit^^C). Now F = {tit2,AC) X (tiA,C) and F = (tit^SC) x {tiA,AC), and 
so E'^/T geometrically fibers over I, with generic fiber I, in two ways. The linear 
automorphism a : E^ ^ E^, defined by cr(ei) = ei and (1(62) = —62, normalizes 
F and conjugates {tit2,AC) to (tit^^,C). Therefore, the two geometric Seifert 
fiberings of E^/T are isometrically equivalent. 



FIBERED ORBIFOLDS AND CRYSTALLOGRAPHIC GROUPS 



21 



11. Co-Seifert Fibrations 



Let M be a flat ra-orbifold. We call a geometric fibration of M over a connected, 
compact, flat 1-orbifold B, with generic fiber a flat (n — l)-orbifold F, a geometric 
co-Seifert fibration. Here B is either a circle O or a closed interval 1. The structure 
of a geometric co-Seifert fibration r] : M ^ B tells you a lot about the geometry and 
topology of the orbifold M. If the base i? is a circle O, then M is a geometric fiber 
bundle over O with fiber F. Hence M is a mapping torus over F with monodromy 
an isometry of F. Moreover, the singular set S of M is a fiber bundle over O with 
fiber the singular set of F. 

For example, take T to be as in (5) in §10. Then M = E'^/F is a flat Mobius 
band, M is a geometric fiber bundle over O with fiber I, and M is the mapping torus 
over I with monodromy the reflection of 1 about the midpoint of 1. The singular 
set S of -M is the boundary of the Mobius band, which is a nontrivial fiber bundle 
over O with fiber the endpoints of I. 

Now suppose the base B is a closed interval I with endpoints and 1. Let 1° be 
the open interval (0, 1). Then is the cartesian product of F and 1°. Hence 

M is obtained from the open tube ?7~^(I°) by adjoining the two singular fibers 
Fq = ?7~^(0) and Fi = r]~^{l) of rj to the ends of the tube, one to each end. Let Go 
and Gi be the finite groups of order 2 in the definition of the geometric fibration ri 
such that Fi is isometric to F/d for i = 1,2. There are three cases to consider. 

The first case is when Go and Gi both act trivially on F. Then M is the cartesian 
product F X L The singular set E of M is Fq U (E* x I) UFi where is the singular 
set of F. 

For example, take F to be as in (6) in §10. Then M = F^/F is a square and M 
is the cartesian product I x I. The singular set of M is the boundary of the square, 
which is the union of the 4 closed intervals Fq, x I, Fi. 

The second case is when one of Go and Gi acts trivially on F and the other 
does not, say Gi acts trivially on F and Go does not. Then M is isometric to 
(Fx [—1, l])/Go where Go acts diagonally, isometrically on F, and orthogonally on 
[—1, 1] by reflecting [—1, 1] about 0; in other words, M is a twisted I-bundle over 
Fq with monodromy determined by the action of Go on F. The singular set S of 
M is Eo U (E* X (0, 1]) U Fi where Eq is the singular set of Fo. 

For example, take F to be as in (7) in §10. Then M = E"^ /T is a pillowcase and 
M geometrically fibers over I with generic fiber O as in the second case. We have 
that M is a twisted I-bundle over I with monodromy determined by a reflection of 
O. The singular set of M is the union of the boundary circle Fi of M together with 
the two cone points which form the singular set of the closed interval Fq. 

As another example, take F to be as in (9) in §10. Then M = E^/T is a pointed 
hood and M geometrically fibers over I with generic fiber I as in the second case. 
We have that M is a twisted I-bundle over I with monodromy determined by the 
reflection of I. The singular set E of M is the boundary of M together with a single 
cone point. Observe that E is the union of the closed interval Fi, two half-open 
intervals E* x (0, 1], and the end points of Fo, one of which is the cone point and 
the other joins the two half-open intervals E* x (0, 1] to form a closed interval. 



The third case is when Go and Gi both act nontrivially on F. Let Mq = 
ry-i([0,l/2]) and Mi = r]-'^ {[1/2,1]), and let F1/2 = »?"^(l/2)- Then Mi is a 
twisted I-bundle over Fj with monodromy determined by the action of Gj on F for 
i = 1,2. Note that Mj is a flat n-orbifold with totally geodesic boundary F1/2 for 
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each z 1, 2. We have that M ^ Mq U A/i with Mq n Mi = F1/2. The singular set 
S of Af is Eo U (S* X (0, 1)) U Si where is the singular set of Fi for i = 1, 2. 

For example, take F to be as in (2) in §10. Then M — E"^ /T is a pillow and M 
geometrically fibers over I with generic fiber O as in the third case. Observe that 
Mi is a pillowcase for each i = 1,2, with -^1/2 their common boundary circle. The 
singular set of M is four cone points which form the union of the endpoints of the 
closed intervals Fq and Fi . 

As another example, take F to be as in (8) in §10. Then M ~ E'^ /T is a 
projective pillow and M geometrically fibers over I with generic fiber O as in the 
third case. Here Gq acts be a reflection on O and Gi acts by the a half-turn on O. 
Therefore Mq is a pillowcase and Mi is a Mobius band, with F1/2 is their common 
boundary circle. Therefore M is topologically a projective plane. The singular set 
of M consists of two cone points which are the endpoints of the closed interval Fq. 

As another example, take F to be as in (7) in §10. Then M = E"^ /T is a pillowcase 
and M geometrically fibers over I with generic fiber I as in the second case. Here 
Gi acts on I by reflection for i = 1,2, Mi is a pointed hood for each i = 1,2, and 
Fi/2 is a closed interval which is half the boundary of each hood. The singular set 
consists of the endpoints of the closed intervals F^ and Fi and two open intervals 
X (0,1). The two open intervals x (0,1) together with one endpoint from 
each of and Fi form the boundary circle of M . 

Let F be a 3-dimensional, orientation preserving, space group. In [5], Dunbar de- 
scribes the topology and geometry of the flat orbifold E'^ /T. When E^/T co-Seifert 
fibers, the structure of a co-Seifert fibration can effectively be used to determine 
the topology and geometry of the orbifold E^ /T. 

12. Reducible 3-Dimensional Crystallographic Groups 

Let F be a 3-dimensional space group with point group H. Suppose E'^ /T ge- 
ometrically fibers over a 1- or 2-dimensional flat orbifold. By Theorem 7, the 
geometric fibration of E^ /T is determined by a complete normal subgroup N of F. 
Let V = Span(N). Then V is either a 1- or 2-dimcnsional vector subspace of E^. 
As both V and V-^ are invariant by H, the group H has a 1-dimensional invariant 
vector space. 

The group F is said to be reducible or irreducible according as its point group 
H has or has not a 1-dimensional invariant vector space. It is well known to crys- 
tallographers that reducibility of 3-dimensional space groups is equivalent to Z- 
reducibility. Hence E^/T geometrically fibers over a fiat 1- or 2-orbifold if and only 
if F is reducible by Theorems 4, 7, and 11. 

There are six families of 3-dimensional space group isomorphism types, the tri- 
clinic, monoclinic, orthorhombic, tetragonal, hexagonal, and cubic families. See 
Table IB of Brown et al. 0] where the six families are listed in the above or- 
der. The cubic family consists of all the irreducible isomorphism types. There 
are 35 irreducible 3-dimensional space group isomorphism types and 184 reducible 
3-dimensional space group isomorphism types. 

All the geometric Seifert fibrations of E^/T, up to affine equivalence, were neatly 
described by Conway et al. in their 2001 paper [7]. We will describe the Conway 
et al. formulation of a geometric fibration of E^ /T over a flat 2-orbifold and show 
how it determines a dual geometric fibration of E^ /T over a flat 1-orbifold with the 
same invariant 1-dimensional vector space. 
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Let r is a reducible 3-dimcnsional space group. Conway et al. represent a geo- 
metric fibration of /T over a flat 2-orbifold by an exact sequence 

f -> K — > r ^ H ^ f 

where H is a 2-dimensional space group and K — ker(7r). Here an element g of F 
is represented in the form {gH,gv) where Tr{g) — gu and gv is the 3rd coordinate 
function of g. The group K is generated by either the translation 63 + / or 63 + / and 
the reflection A = diag(l, 1, —1). The group extension is specified by normalized 
choices of the 3rd coordinate functions for a set of generators of H. The choices 
are such that {(/, gy) : g G F} is a discrete group A of isometrics of containing 
K as a normal subgroup of finite index. The projection : 5 i— > (^y is a group 
homomorphism whose image is a 1-dimensional space group isomorphic to A. Let 
N = ker((/)). Then N is complete by Theorem 5. Hence E^ /T geometrically fibers 
over a flat 1-orbifold corresponding to the group extension 

by Theorem 4 with Span(N) = Span{ei,e2}. Hence K and N are orthogonal. 
We call N the orthogonal dual of K, and we say that K and N correspond under 
orthogonal duality. 

As K n N = {/}, we have that tt maps N isometrically onto a normal subgroup 
of H, moreover 

H/7r(N) ^ (F/K)/(KN/K) 
= F/KN 

(F/N)/(KN/N) A/K. 

All the elements of K commute with all the elements of N. The group F is the 
direct product of K and N if and only if K = A. This corresponds to the occurrence 
of a row of 0+ • • • 0+ 0— (resp. 0+ ■ • • 0+) in the couplings column of Table 1 of [7] 
for interval (resp. circular) fibrations. 

The group A is infinite cyclic if and only if all the elements of A are translations. 
This corresponds to the occurrence of a row of all plus signs in the couplings column 
of Table 1 of [7]. 

The tetragonal and hexagonal families of 3-dimensional space group isomorphism 
types (IT numbers 75-194) consist of all the reducible group isomorphism types 
whose point group has a unique 1-dimensional invariant vector space. If F belongs 
to one of these 110 isomorphism types, then F has a unique 1-dimensional, complete, 
normal subgroup K and a unique 2-dimensional, complete, normal subgroup N; 
moreover K and N are orthogonal. This is the case if and only if in the Conway 
et al. representation of F the group H is irreducible. Hence, the classification of 
the geometric co-Seifert fibrations of E^/T corresponds via orthogonal duality to 
the Conway et al. classification of the geometric Seifert fibrations of E'^ /T when F 
belongs to the tetragonal or hexagonal families. 

The orthorhombic family (IT numbers 16-74) consists of all the reducible group 
isomorphism types whose point group has exactly three orthogonal 1-dimensional 
invariant vector spaces. If F belongs to one of these 59 isomorphism types, then F 
has exactly three 1-dimensional, complete, normal subgroups Ki, K2, K3, and F has 
exactly three 2-mensional, complete, normal subgroups Ni, N2, N3. This is the case 
if and only if in the Conway et al. representation of F the group H has exactly two 
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proper complete, normal subgroups. We order Ki and Ni so that Vi — Span(Ki) 
and Wi — Span(Ni) are orthogonal complements for each i. The 1-dimensional 
vector spaces Vi , V2 , V3 are mutually orthogonal. 

Suppose a : — > is an affine homeomorphism such that aVa^^ — T' with 
r' a space group. Define K,^ = aKia^^ and N,^ — (K^)^ for i — 1,2,3. Let 
VI = Span(K^) and = Span(N^) for each i. Let a = a + A with A a linear 
automorphism of E^. Then AVi = ¥( for each i. Now aN^a"^ = N^- for some j by 
Corollary 2. Therefore AW^ = W'y As AVi H AWi = {0}, we must have that j = i 
for each i = 1,2,3. Likewise if = oN^a''^ and = (N^^ for each i = 1,2,3, 
then a{Ki)a~^ = K[ for each i — 1, 2, 3. Thus if N is a complete normal subgroup 
of r, then q;(N^)q;^^ — (aNa^^)^ . By Theorem 10, the geometric fibrations of 
E^ /r and E^ /T' determined by complete normal subgroups N of F and N' of F' 
are afhnely equivalent if and only if the geometric fibrations of E^ /T and E^ /V 
determined by and (N')-*" are affinely equivalent. Hence, the classification of 
the geometric co-Seifert fibrations of E^/T corresponds via orthogonal duality to 
the Conway et al. classification of the geometric Seifert fibrations of £'^/F when F 
belongs to the orthorhombic family. 

The triclinic and monoclinic families consists of all the reducible space group 
isomorphism types whose point group has infinitely many 1-dimensional invariant 
vector spaces. If F belongs to one of these 15 isomorphism types, then F has 
infinitely many 1-dimensional, complete, normal subgroups, and F has infinitely 
many 2-dimensional, complete, normal subgroups. This is the case if and only if 
in the Conway et al. representation of F the group H has infinitely many proper 
complete normal subgroups. 

The triclinic family consists of two isomorphism types (IT numbers 1 and 2). If F 
belongs to the triclinic family, then all the geometric Seifert fibrations of E^ /T are 
affinely equivalent and all the geometric co-Seifert fibrations of E^ /T are affinely 
equivalent. 

The monoclinic family consists of 13 isomorphism types (IT numbers 3-15). If F 
belongs to one of these 13 isomorphism types, then F has a unique 1-dimensional, 
complete, characteristic subgroup K and a unique 2-dimensional, complete, charac- 
teristic subgroup N; moreover K and N are orthogonal. The corresponding Seifert 
fibration is given by the primary name in Table 2b of [7] . The classification of the 
geometric co-Seifert fibrations of E^/T corresponds via orthogonal duality to the 
Conway et al. classification of the geometric Seifert fibrations of E'^/T when F 
belongs to the monoclinic family except for the two cases (* : x) and (2*2 : 2) in 
[7| . In Table 1 , we replace the Seifert fibration (* : x ) of space group IT 9 with the 
affine equivalent Seifert fibration (* : Xi), with couplings ^ + and we replace 
the Seifert fibration (2*2 ; 2) of space group IT 15 with the affine equivalent Seifert 
fibration (2*2i : 2) with couplings 0— ^— ^ + . With these two substitutions, indi- 
cated by a t in Table 1, the classification of the geometric co-Seifert fibrations of 
E^ /T under affine equivalence corresponds via orthogonal duality to the Conway 
et al. classification of the geometric Seifert fibrations of E'^ /T. See Table 1 for 
the orthogonal correspondence between the the classifications of the Seifert and 
co-Scifert fibrations of E'^/T. 

The first column of Table 1 is the IT number of the corresponding space group. 
The second column is the Conway fibrifold name of the Seifert fibration. The third 
column indicates whether or not the corresponding space group extension splits. 
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If the generic fiber is a closed interval, then the space group extension splits by 
Theorem 18. The fourth column indicates the generic fiber of the orthogonal dual 
co-Seifert fibration. The fifth column indicates the base of the orthogonal dual co- 
Seifert fibration with a centered dot representing a circle and a dash representing a 
closed interval. The sixth column indicates whether or not the corresponding space 
group extension splits. If the base is a circle, then the space group extension splits, 
since F/N is an infinite cyclic group. The seventh column gives the index of KN 
in F; in particular, the index is 1 if and only if both fibrations are direct products. 
If the generic fiber of the Seifert fibration is a closed interval, then the base of the 
co-Seifert fibration is also a closed interval and the index is 1 or 2 by Theorem 20. 
The information in Table 1 was obtained by computer calculations. Finally, the 10 
closed flat space forms in Table 1 have IT numbers 1,4,7,9,19,29,33,76,144,169. 
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333 




Yes 


2 


150 


(3o*3o) 


Yes 


333 




Yes 


2 


151 


(*3i3i3i) 


No 


o 




Yes 


6 


152 


(3i*3i) 


No 


o 




Yes 


6 


155 


(*3o3i32) 


No 


333 




Yes 


6 


156 


(*-3-3-3) 
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*333 




Yes 


1 


157 


(3o*-3) 


Yes 


3*3 




Yes 


1 


158 


(*:3:3:3) 


No 


333 




Yes 


2 
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no. fibrifold split fiber base split ind. 



1 Kfl 
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Z 


160 


(3i*-3) 
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3 


161 


(3i*:3) 
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333 




Yes 


6 


162 


(*-63()2) 


Yes 


3*3 




Yes 


2 


163 


(*:63()2) 


iNO 


333 




Yes 


4 


164 


(*6-3-2) 


Yes 


*333 




Yes 


2 


165 


(*6:3:2) 


No 


333 




Yes 


4 


166 


[*'D01ZJ 




*333 




Yes 


6 


167 


(*:63i2) 


No 


333 




Yes 


12 


168 


(6o3o2o) 


Yes 


632 




Yes 


1 


169 


(6i3i2i) 


No 


o 




Yes 


6 


171 


(62322o) 


No 


2222 




Yes 


3 


173 


(633o2i) 


No 


333 




Yes 


2 


174 


[3o3o3o] 


Yes 


333 




Yes 


1 


175 


[6o3o2o] 


Yes 


632 




Yes 


1 


176 


[633o2i] 


Yes 


333 




Yes 


2 


177 


(*6o3o2o) 


Yes 


632 




Yes 


2 
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{*6i3i2i) 


No 







Yes 


12 


1 sn 

lOU 


{*62322()) 


INO 


9999 




1 es 


a 
D 
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{*633o2i) 


No 


333 




Yes 


4 
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{*-6-3-2) 


Yes 


*632 




Yes 


1 


184 


(*:6:3:2) 


No 


632 




Yes 


2 


185 


(*-6:3:2) 


No 


3*3 




Yes 


2 


186 


{*:6-3-2) 


No 


*333 




Yes 


2 


187 


[*-3-3-3] 


Yes 


*333 




Yes 


1 


188 


[*:3:3:3] 


Yes 


333 




Yes 


2 


189 


[3o*-3] 


Yes 


3*3 




Yes 


1 


190 


[3o*:3] 


Yes 


333 




Yes 


2 


191 


[*-6-3-2] 


Yes 


*632 




Yes 


1 


192 


[*:6:3:2] 


Yes 


632 




Yes 


2 


193 


[*-6:3:2] 


Yes 


3*3 




Yes 


2 


194 


[*:6-3-2] 


Yes 


*333 




Yes 


2 



Table 1. (cont.) Three-dimensional crystallographic Seifert and co-Seifert fibrations. 
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